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I We consider the multiple consequence relation as defined
in [S]. The definition is there prompted by the following line of
argument: To say that a set of conclusions follows from a given set
of premisses is to say that at least one of the conclusions must
be true if the premisses are all true. That means that each possib-
le state of affairs in which all the premisses are true is one in
which some of the conclusions are true. Assuming the formulae of
our language Ji to be capable of truth and untruth, each relevant
state of affairs is represented by the partition (T,U) of formulae
of ;f, such that the formulae of T are true in this state of af-
fairs, while the formulae of U are untrue in it., If ,ﬁﬁ is the
set of all partitions which correspond to the possible states of
affairs, it is plausible to define the consequence relation with

{
regard to LJL as follows.

Definition 1. Let X and Y be sets of formulae of Ji i.e.

.1

< ; M
KCZJ: and YCo<o.. Y 1is a consequence of X with regard to Jl i.e.

i X =Y
)

iff there is no (T,U):{, such that X<=T and Y<U. It is also

said that the set of partitions LH. generates the consequence re-

lati .
- b,

If we presuppose nothing about the internal structure of
the formulae of dﬁ , and about their semantical interconnections,

we have to be prepared to allow any set of partitions of formulae
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to play the role nrlftr. So, we are led to the general definition

of the multiple consequence relation proposed in [s].

Definition 2. A relation |= on @(i.] is a consequence

relation iff there is a set of partitions M such that = - lhﬁi_

Remark: Each set of partitions J%, determines, and is completely
determined, by J = §T:(FU)(T,0)e A§ which will be cal-
led its true set, or by Us = fu:(21)(T,0)= M { which will
be called its untrue set. So, we will talk about conse-
quence with regard toh}L, or with regard to ir: or Wwith

regard to11,, synonymously and we will use the notations

HT{' ||?-_, ||=% interchangeably.

We consider the three special cases (i.e. restrictions) of

the consequence relation [= .

(i) The most common single-conclusion relation which permits

only one conclusion and which accordingly has instances of

the form

X ||— B g, . pesh)

(ii) The single-premiss relation which permits only one premiss

and which accordingly has instances of the form

A=Y pe s, ye

(iii) The singular relation which permits only one premiss and

only one conclusion, and which accordingly has instances

of the form

Al—B re., Bedl.
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It is evident that these restrictions satisfy

(1) == =N=

The characterization theorem, proved in [S] p.16, states
that a single-conclusion relation is a consequence rglation iff

it is eclosed under

overlap BEX — X |I— B
dilution X' —B & XX —>X ||~ B, and
cut for sets X,2 |—B&(¥AcZ)X || A — X | B.

Results on counterparts, in ch. 5 Of'fs:lfp.TE—?“-), may be under-
stand as proving that different sets of partitions may generate

one and the same single-conclusion consequence relation.

Considering single-conclusion (single-premiss) consequen-
ce relations as closure operators, in a Tarskian way, we will find
simple conditions that must be satisfied by different sets of par-
titions in order to generate the same consequence relation. Inci-
dentally the characterization theorem for single-conclusion (sin-
gle-premiss) consequence relations will turn out to be an immediate

corollary to the characterization theorem for closure operators.

IT A single-conclusion relation [— , with instances of
the form X |— B (XC3¥, BeX ), determines and is completely de-

termined by the corresponding consequence-operator

= Q) —Q (%) derined by 'Y - $B:X |l— BY.
] e

A consequence-operator , which corresponds to "7?1

may be characterized refering directly to the true set’j“. This

is the content of the following lemma.



— T :
Lemma 1. A consequence-operator corresponds to the single-

-conclusion consequence relation |F— iff

T =N iT:xc T8 Te’J’j

Proof: Aex iff Kl]—A Aff (¥T)(XCT & TeT —» 4eT7) iff
nr—{]{T xC.T & Te"“j

|t
Hence, the consequence-operator e : "T (L) —-l-'::}j(?»"'..) is a clo-

sure operator onck , in the sense of the following definition.

Definition 3. Let £ be any set and let J be any set of sub-

sets of &%, i.e. GJC‘T(K.}. The closure operator generated I::r],r(]\~
is a function _-?ki?(ﬁi} ——+ﬁ?($ﬁ), such that

3 15T:XCT & 7T} . ‘

A function k}(:f} ~f{bﬁl is a closure operator on J iff

: e
there exists’y C @’ (3.) such that = -,

n"
Note that we impose no condition on < (such as the inter-

=
section property or something else). {{ may be any subset of

T2y,

It is quite easy to prove the following lemmas on closure

operators.

Lemma 2. Any closure operator " has the following properties:
1 ICE, 2. YO =L T dnd 33 TG R

Lemma 3. A function  :J' () ff(j,] with properties 1, 2.

and 3. (from lemma 2.) is a closure operator on J- .

— —’T - & i -1
Proof: It is easy to check that = for J =i cd &T= j-
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(""1_-
Definition 4. The canonical extension of J C-ai is the set
b

?:{_T:TCi&T:T A

Lemma U.
(1) TC-T and ? =T
(ii) —T= e (ef. lemma 3.).

L —— e ——

(1ii) el gl iff ’T1 = ’I’z (cf. lemma 3.).

l

==
Lemma 5. fT is the largest generator of .

Lemma 6. The canonical eXtension af’jﬂ::f is the intersection

extension i.e. —/j: :{K:{ﬂd‘h](ﬁcﬁ' & }{:PIL&. }:i-.

Proof: If A<T & X = \Jt ‘then
T=Nfrixer & 1Ty {Tixcr & TeAy=N{T:TeR]=x

—_7 —F
j,e. XCX. Hence, X = X. So we have proved that

-

IX:(3RIACT & x =0 )T on the other hand from X = X

it follows that X =(} iT:KCT & T-’-T_;': i.e. X =NA for
RoziT:xcT & Te T 3T . Hence,

— —T - y
T=5x:xc2 & X =X (X (@FRIAT & x =N )],

Taking into account that a consequence-operator is a closure ope-

rator, the characterization theorem and the equivalent generators

theorem follow at once.

Characterization theorem 1. An operator 56 :?(E‘L)-—-—r@{x} is

HLI
L]

a consequence-operator iff 1. KC.E, 2. Yo X—=>Yc&X and 3. X=

Equivalent generators theorem 1. True (untrue) sets generate one

and the same consequence-operator iff their intersection (union)
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extension 1is the same. The completion is the largest generator

of the consequence-operator.

Taking into account the simple and natural connection betwe-
en consequence-operators and single-conclusion consequence rela-
tions, we derive the characterization theorem of [ S], and the
sought for characterization of equivalent generators, as simple

corrolaries.

Corrolary 1. A single-conclusion relation is a consequence rela-

tion iff it is closed under overlap, dilution and cut for sets.

Proof: It is quite easy to see that 1, 2. and 3. of the characte=-
rization theorem are equivalent_to overlap, dilution and cut for
sets. Namely, B&X— X|—B i.e. (¥Be X)X|—B iff
(VYBEeX)BeX i.e. XCX. Hence, overlap is equivalent to 1. Simi-
larly, X'|—B & X' X— X|—B iff X'CX—=(BeX'—sB€X)
i.e. X'CX—aX'cX. Hence, dilution is equivalent to 2. Finally,

X,Z —B & (VAEZ)X l~A—>X|—B iff Z<X—s(BEXUJZ—>BE X)

Yoms (TR s TN B2 K5 Hence, cut is equivalent to ZC_}E—H{’JZC_E,
Substituting X for 2 we see that 3. follows from overlap, di-

lution and cut. On the other hand, presupposing Z-. it follows

X
X,

from 1. that X''ZC X, and then from 2. that XUZ< and then

——

from 3. that XUZcX. Hence, cut follows from 1, 2. and 3.

Corrolary 2. True (untrue) sets generate one and the same single-
-conclusion consequence relation iff their intersection (union)
extension. is the same. The extension is the largest generator of

the single-conclusion consequence relation.
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III A éingle-premiss relation =, with instances of the
form A=Y (Ae &, YCZ), determines and is completely determi-
ned by the corresponding assumption-operatcrh- :(?{3{)——~r{P{bi}
defined by -

T - {A:A =Y.

An assumption operator k=ﬂ2 which corresponds to F: , may be cha-
racterized refering directly to the untrue set Qb._

="MW
Lemma 7. An assumption-operator corresponds to the single-

=1
-premiss consequence relation |= iff ¥ S {u:Yu&uel],

Proof: Analogous to that of lemma 1.

=W 5
Hence, the assumption-operator :QE(EL)——+§]{31) is a closure
operator on 35, and the characterization theorem, as wWwell as the

equivalent generators theorem, are as before.

Characterization theorem 2. An operator TP () —= P () is

3. E:E.

Equivalent generators theorem 2. Untrue (true) sets generate one

and the same assumption-operator iff their intersection (union)
extension is the same. The extension is the greatest generator

of the assumption-operator.

Taking into account the simple and natural connection bet-
ween assumption-operators and single-premiss consequence relations

we easily derive the corrolaries:

Corrolary 3. A single-premiss relation is a consequence relation

iff it is closed under
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overlap AeY—A|l=1Y,
dilution Al=Y' & Y'CY—>hA|=1Y and
cut for sets AlE=Y,Z & (VB&Z)Bl=Y—>A|=1Y.

Corrolary 4. Untrue (true) sets generate one and the same single-

-premiss éonsequance relation iff their intersection (union)
extension is the same. The extension is the largest generator of

the single-premiss consequence relation.

Let :/'(/ be a set of partitions of‘;{,. ’T =-{_T:(:&U){T,U)€'u%3

its true set and tL’:{ﬁ:{iﬂT)(T,U}Eﬁj{fEits untrue set. From

(1) follows

(2) bl D

Taking into account (2), corrolaries 1. and 3. imply

Corrolary 5. A singular relation }— is a consequence relation

iff it is closed under
overlap Al— A  and
dilution Al B & B}l—C—>A}—cC.

Corrolary 6. is a simple consequence of corrolaries 2. and 4.

Corrolary 6. True (untrue) sets generate one and the same singu-
lar consequence relation iff their intersection-union extension
is the same. The extension is the largest generator of the sin-
gular consequence relation (i.e. the largest generator, true and

untrue, is closed under unions and intersections).

Remark: Corrolaries 5, and 6. may be seen as abstract algebraic

results on pre- ordered sets. Corrolary 5. asserts
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that each‘j*C;CF{S} induces a pre—- order on S defi-
ned by agb:= 1(JT€T )(acT&b¢T), and conversely,
that each pre- order on S 1is induced by such a
subset of GE(S). Corrolary 6. asserts that subsets of

(P (S) induce the same pre- order on S iff they have
the same intersection-union completion and that this

completion is the largest generator of the pre- ordeil .

[SJ Shoesmith, D.J. & Smiley, T.J, Multiple-conclusion
Logic, Cambridge University Press, 1978.
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