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Devide proposed a very simple axiomatization of natural
numbers in [De]. He characterizes the successor function S,

and it's domain N, with the following axioms:

(50) (Jimlm € (N\5(N)})

(D) M = S(M)—eM = @.

Fraenkel refered to this axiomatization as "... a wea-
ker formulatien..." {(ef. [FE] p.88). Hamely, the natural num-
bers are usually axiomatized with the following (Dedekind)

Peano's axioms characterizing the successor function 5 on N:

(S0) {F tm)m e (N~S(N))

(51) S(m) = S5(n)—s @ = N

{51) (HSS(N) I M & S(M) S M—eM = N.
The weakening consists in the elimination of the injectivity
axiom for 5. Devidé was able to prove the particular axiom
(Si) from (30) and his own (D). Notice that Peanc’'s (5I} is
an axiom of induction and it is clear that Devide's axiom
(D) is also some kind of induction axiom. But it must be a
stronger induction axiom, because it is well known that (51)
is pot derivable from (S50) and (SI). Namely, S5 defined on
W = {0,1}, with S(0) = 5(1) = 1, satisfies (SO} and (SI) but
does not satisfy (S5i), ef. [H] p. 324,

Nevertheless, it sppears that the strenght of (D} has
not been well understood. We prove that (D) is equivalent to
he axiom of transfinite induction, i.e. it is nothing but

the statement that the function 5, viewed as a binary rela-
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tion 5 on N, is well founded. The connection between the

relation and the function is the following one: mSn 1ff

m = S5(n).

Definition 1. A binary relation 5 defined on a set N is

well founded iff for every nonempty M contained in N
M ¢ @—=({dn)ineM & 1{JmeMInSm),

in other words, iff every M has an S-minimal element.

It is well known that 5 is well founded on N if there is
no infinite sequence of elements of N such that m15m23m35""
On the other hand S(M) = {n:(ImeMInSn}, so the well foun-
dedness condition (SWF) ecan be put is the form:

If M0 then (In)(n€EM & nES(M)) i.e.
(Ind)lneMNS(M)) i.e. MEES(M).

It fellows that relation & defined on N is well founded iff
Tor every M G&=N:

[ SWF) MEa=S(Ml=—=M = 2.

It is the content of Devidé's first lemma in [De] that
this iz equivalent te (D). Namely, if M&e=mS(M) then
M- {m:m=s(m3 # . The union (JM still satisfies (1)
(UM 1Es(UM ) and, since this implies S(UM )=
s(stUM 1), it follows that S(UM e M, hence (2)
stUM IS (UMD, By (1) and (2) (UMY = SIUM) and it
follows from (D) that UM, = @, which in turn implies M= @.
So, (D) implies (SWF) and it iz evident that (SWF) implies
(D)

We may summarize our results in the following lemma:

' B L . ¢
Lemma 1. Devide's axiom (D)} is equivalent to the well foun-

dedness principle (SWF).
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It i3 well known that 5 defined on N is well founded iff

it satisfies the principle of tranafinite induction omn N:

(¥m)((¥n)(mEN—+nEM)—emEM)—eM=N i.e.

[*m}f(#njfnE.E-tl:m}—hniﬁ}—meH}l—t-H:H i.e.
(5TI) (¥m)(5™ (m) = M—smEM)—sM=N,

or in other words, iff for every S-inductive subaet M, M=N.

Remark: We can reformulate (STI) in the followwing way:

(¥m){(¥n)(mSn—wen&€M)—en gM) —sM:=N iff
(V) {odM—={Fn){mSnkneM))—=Hz=HN irf
(¥m) (me {k:k gMy—em € S({k:k €M}) ) —eM=N iff

(STI') fk:k@ M}l S S(fk:k&M))—sM=N.
It is quite trivial to prove the equivalence of well

foundedneas in form (SWF) and transfinite induction

in form (5TI").

We have the following corollary:

Corellary 1. Devidé's axiom (D) is equivalent to the trans-

finite induction prineciple (STI).

Now, it is easy to see where the source of the strenght
of (D) comes from. The axiom (D) is tronger then (SI), in
the same way in which the transfinite induction is stronger
then the (normal) induction.

0f course, in presence of (5i) it is easy to prove that
(5I) and (STI) are equivalent. HNamely, if we suppose that 3
is injective (i.e. m5p & mSq—sep=q) then E'ﬁfm? is a sing-
leton for every me&S(N) and empty for every m&HN~S5(N). Hence

{5TI) is equivalent to



[(¥mcN\S(N))(meM) & (VmeS(N)I(S™ (mleM—wmeM]—+H:=N i.e.
N\ S(N) = M & S(M) &= M— M=N

whieh i=s (8I). We have the following lemma.

Lemma 2. Let S be an injective binary relation on a set N.
Then (STI) iff {(51). (Note that we presuppose nothing about

functionality of 5.)

It wa=s already mentioned that (even for a functional re-
lation 5) injectivity axiom (5i) is not derivable from (50)
and (51), whereas Devidé proved that (Si} is derivable from
{s0) and (D). Devidé€'s proof employs Dedekind’'s technique of
forming the "Kette" of an element in N, ef. [D], which itself
is only a variant of Frege's "Reihe" of an element, cf. [F].
Tt was observed in [FS] that this technique may be replaced
by making use of the fact that the ordering of N is the tran-
sitive closure of 5. Felscher-Schmidt's technique may be used

toc prove Devidé's result.

Definition 2. The transitive closure 5 of a relation 5 on a

=gt N is the smallest transitive relation on N which con=-

tains 5.

It is well known that mS3n iff there wxist a finite (pos-
2ibly empty) sequence (p,...,q) of elements of N such that
m&%p...q%n. It follows immediately that transitive clesure E:
of 5 well founded relation 5 i5 also a well founded relation.

Namely, if ¥ is not well founded then there iz an infinite se-

guence m,Em,3m,... . It follows that m,5...5m,5...5mg...
{.¢. % itsell i3 not well founded. Hence we have the following
lemma
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Lemma 3. Let 5 be a binary relation on a set N. If S is well

founded then 5 is alse well founded.

If a well founded relation S satisfies (50) and i it is
also functional, i.e. pSn and q3n implies p=q, then every m
is S-comparable with every n, i.e. m3n or m=n or n5m. This is

the content of the following lemma.

Lemma 4. Let S be a functional well founded relation which
satisfies (50) on N. Then every m&N is E—cnmparable with eve-

ry nen.

Proof. Let k be any element of N. We have to prove that
mitk x {p:p is E-cnmparahle with I-l} for every mEN. 5 sati-
sfies (5TI), hence it is encught to prove that m&C,  under

the assumption that E'T{N}Eﬂk.

ir Sh1{m} i @ then there is p such that mSp and we
may suppose that pEEH, i.e. we may suppose that (i) p=k or
(ii) pSk or (iii) kSp. If (i) or (ii) holds then mSp implies
mSk, that is meﬂk. IF {(iii) holds then kS...uSp and mS5p im-
plies m=u, by functionality of S. Hence kSm, that is ME:EH
again.

It S '(m) = @ then (S0) implies that m is the unigue
element of N with this property. As usual we denote it with

0. We have to prove that 0&C for every k€N. By (STI), it

kl
is enought to prove that DECH under the assumption that

0EC, for pe€ $ (k). If 5 (k) # @ then there is p such that
kSp and we may suppose that QE f.‘p. 1.e. (1) O0=p or (1i) O5p

or (111) pgﬂ. The same argument as above proves that UE:'EF

in each of the cases. If S'1fk] = @ then k=0 and it is trivi-
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aly true that GEEH.

Now, we can prove Devidé's theorem.

Devideé's Theorem If 5 i= functional well founded relation

which satisfies (S50) on M, then S is injective.

Proof MNotice first that it is trivially true that any well
founded relation is irreflexive. Now, let us suppose that S
is not injective. Then there are m,p,q&N such that pd#q &
mSp & mSg. By lemma U4, it follows from p#4q that pSg or gSp.
Let us suppose pSq. Then pSq or there is v such that pS...
.v3q. Il p3q then .m=p follows from m3q and functionality
of 5 in contradiction with mSp (5 is irreflexive). If pS...
...¥5g then similarly m=v, and because of p3v it follows pSm.
Together with mSp it gives mSm, a contradietion again (beca-

use 5 is a well founded relation by lemma 3.).

We may conclude that Devidé’'s theorem follows from lem-
mae %, and 4, i.e. from well foundedness of 5 and S5-compara-
bility of elements of N. From these same properties of ¥ the
irreflexivity of § and the transitivity of S can be concluded.
We know that irreflexivity is an immediate consequence of
well foundednes. Suppose now that msSn & nsp. By comparability
af 3, m=p or pEm or mEp. Il m=p then mgnﬁmgn...; ir pEm then
mEn Sp5mSnSp..., both contrary to the well foundednes of E.
Hence mEpi i.e. § is transitive. In other words E iz a well
erder on an infinite set N with a unique limit number (eof.
S0} . But here we have an axiomatization of natural numbers.
:t characterize order relation E and it's demain N, with the

following axioms:
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(50) ( Aimime (NSS{N))
(Se0) (¥n)(Imimin
(5C) m=nwv MSn ¥ nsm -

(EWF) M S(M)—eM = @

Remark: 5 in (30) is defined in the following way:
mSn iff mSn & (Jk)(mSk & kSn).

(50) asserts that there is only one limit number, i.e. num-
ber without an immediate predecassor. EEﬂn} iz an infinity
axiom. Comparability (3C) and well foundedness ( SWF) imply
that S5 is a well order on N (cf. above). On the other hand

S-axiomatization has the following axioms:

{50) {A'mimeN™\5(N)
(5e9) (¥n)(Im)mSn

(5F) PEn & QqSn—ep=1q
(SWF) M=S(M)—eM = @,

(50) again asserts that there i3 only one number without any
immediate predeccessors. (S00) is again an infinity axiom.
(Sf) asserts that S8 is functional, (SWF) that 5 is well fo-

unded. It follows that S is injective.

Both relations, 5 and E, are actually successors: the
functional relation S is the immediate successor while the
ordering relation S is the general successor >. It 1is inteé=-
resting that they have three common defining properties (1.
e, axioms): (0), (@) and (WF), and only one specific: fun-
ctionality for 5 and comparabllity for 2> . Hence, the natu-

ral numbers are axiomatized with the following axioms:
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(E0) {Elm}mEHKEGEHL
(Z00) (¥m)}{J n)mEn,
{IWF) MES I(M)—=H = 0.

Remark: I  in (I0) is defined in the following way:

mEn 1ff mIn & M Ik)(mIk & kIn).
Il we axiomatize the immediate successor 1=5 we have to add
the luncticonality axiom:

(50) pSm & q5Sn—sp = g.
Il we a¥xiomatize the general successor I= 2> Wwe have to add
the comparability axiom:

(>C) Mzfwlsnv NS0
If 5 is primitive, = 13 definable as ‘:-:E. If > is primi-

tive, 5 is definable with m3n iff m=n & A(Jk)(m>k & k»n).

[0] FR.Dedekind: Was sind und was sollen die Zahlen? Vieweg, Braun-
schwelg, 1888,

[be] v.Devide: Ein Axiomensystem fir die natiiralichen Zahlen, Archiv
der Mathematik 6, s. 40B-412, 1955.

[F] G.Frege: Begriffschrift, eine der arithmetischen nachgebildete
Formelschprache des reinen Denkens, Halle, 1879.

[FE] A.A.Fraenkel, J.Bar-Hillel: Foundations of set theory, North-Hol-
land, 1958,
[FS] Felscher, Schmidt: Natlirliche Zahlen, Ordnung, Nachfolge, Archiv
f. Math. Logik u. Math. Grundlag. 4, s.B81-94,
1958,
[€] L. Henkin: On mathematical induction, Am. Math. Monthly 67(1960},

323-337.
Department of Mathematics, University of Zagreb, P.O. Box 635, YU - 41001 Zagreb

- 64 —



