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PEACOCK’S PRINCIPLE AND EULER’S EQUATION

Zvonimir Sikié

Abstract. The exponentiation is never extended from the real to the
complex domain in accordance with Peacock's principle of permanence, al-
though it is the best way of extending the other operations. But we show
that we are almost compelled to Euler’s equation by Peacock’s principle of
permanence and also the we are definitely compelled to it if we accept the
prineiple of permanence of differentiability.

C.B. Allendoerfer dedicated his rL] to those authors whose papers on
Euler’s equation had been rejected by American Mathematical Monthly. He empha-

sized that the expression elﬁj

has to be defined, in order to prove Euler’s
equation, but his criteria for accepting a definition of the expression as a
good one (rigor, simplicity and intuition) are quite vague. We can not be sati-
sfied with such a vague criteria because excellent criteria have existed for a
long time. Such is G.Peacock’s principle of permanence of equivalent forms an-
nounced already in 1833.

A definition of on operation should be extended from a restricted domain

to a wider one in such a way as to conserve the crucial algebraic properties of

the operation.

The crucial algebraic properties of addition multiplication and exponentia-
tion are as follows

(a+b=b+a a*b = bra
4*; (a+b)+c = a+(b+c) (a.b).c = a-(b-c)
'< a-(b+c) = a*b + a-c
c "
L‘__att""":: = ab-ac (ab) = ab e (a-b)c = ac-bc,

and the extensions of these operations (from the domain of natural numbers to
the domain of complex numbers) were uniquely determined by the principle, in all
cases except one. The one with which Euler's equation is concerned.

Mus it be so? Are we compelled by Peacock’s principle to define eiDJ as

n
cosw+1i sinw (as we are compelled to define alfn as va or a ' as 1/a"
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ete.)? We shall show, that we almost are.

We obtain complex numbers by adding the imaginary unit i to the reals
and by combining the old reals with the new unit 1 using the operations +
and -+ uniquely extended in accordance with Peacock’s principle. We immedia-
tely realize that any element of the new complex domain is of the form x+iy
for real x and y (because of the defining property of 1i: 12::—1) and
that the totality of all new numbers forms a field. But what about exponentia-
tion in the new complex domain? Is it possible to define exponentiation of
complex numbers (determined by reals, i, + and -) in accordance with Peacock’s

o)

principle, so as to remain within the complex domain We shall show it is.

Notice first that -i has the same defining property as 1i: (—1}2 ==1,
So, any calculation with i which ends with the result

E(i) = X + iy
when performed on =i will end with the result
R(-i) = x - iy.

But we want to treat exponentiation as a calculation process in the complex do-
main, so if for real a and WD

R(i) = altd = x + iy then
R{—i) = a_lba= X - iy.
This is also a kind of permanence principle. But then

2)) _

i i
Jw | e

= (retaining by Peacock’s principle B

=a% =1 = (x+iy) - (x=-iy) = x2-+y2 i.e.

a W ccs¢ +1i sin#; .
It remains to find out how ?I) depends on a and J.

qﬁ(a,nu) has to be continuous in a and W if continuity of exponentiation

is to be preserved in the complex domain. Hence, the continuity will be pre-
supposed in the sequel. By Peacock’s principle we shall in the sequel under-
stand the principle of conservation of continuity and the crucial algebraic
propertiesﬁ: :

LEMMA 1. The function ()f){a,(.u) is linear in the second argument:
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4> (a,k-W) = k-faca,m).

Proof'.
is(02 40))
cos¢{a,ul+m2)+isin¢=(a,wl+w2) = a g - g (Pp) =
i{dl i{.-JE

- a - a = (cos¢(a,tﬂl)+i sin¢{a,w2})'
. (cos¢(a,ob)+isin¢(a,m2) = cos(&{a,q}l)+ (a,wg)) +

+ isin (¢ {a,ml] + ¢ (a,&JeJ) i.e.

D P aw) = @ law) + Paw,).

Linearity follows from additivity (1) and continuity of ¢ :

LEMMA 2. The function ?S{a,w) is linear in the logarithm of the
first argument:

¢ w) = k-Plaw).

Proof .

cos?ﬂ(al-ae,&}) +1i sinqg!(al-aa,&_)) = (al-ag)im= (Pp) = aiw . aéuz

(cos(ﬁ(al ,) +1 sin ¢{al ,U)}-(cos?sfag,m) +1i sin(f)(az,c-}) =

ecs(¢(al y) +¢0(az,m)} +1sin (é(al,m) +¢ {az,w}) i.e.

@ a0 =Pla ) + Pa,,w).

Linearity in logarithm follows from (2) and continuity of ?5 .

If follows from LEMMA 1. that
(3) a0 = k@) w
and from LEMMA 2. that

(4) (f)(a,ml = 1lna - h(w),

From (3) and (4) we have
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k(a)-e = lna - h(w)

that is

k(a) _ h(w)

A = 5 for any a and
that is

k(a) _ h(w) _ __

Ina * @y ° ¢ = const.
Hence

(ﬁ{a,m} = ¢c-W+lna,

So, the only possible definition of exponentiation in the complex domain,
which is in accordance with Peacock’s principle, is the following one

iw S

a = cos(c-t-1lna) + isin(c.-w-1na).
It is also easy to see that the crucial algebraic properties #are realy pre-
served by this definition (for any choice of c).

In particular, we are compelled by Peacock’s principle to define

gt cos(c-w) + isin(e-w),
i.e. we are almost compelled to Euler’s equation (up to the constant ¢, which
we can choose arbitrarily).

Are we compelled to choose ¢=1 if we want to define exponentiation of
complex base with complex exponent in accordance with Peacock’s prineciple? No,

we are not:
Let
z) = r-{eﬂs¢+1sin¢)
and let
Z5 = X + iy.
Then
Z

z2 {r-(cos¢+iain¢})(x+iy) (Pp)

=
(1]

P(x+iy}-{cos¢+isiné)(x"'iy) = (Pp) =



169

rx-riy- {costﬁ+ i sinc# o {cos¢+ i sin? )1y =

rx-{cos(c-y-ln r) +1isin(c-y.1nr))- (cos(x-¢} +1i sin(x-¢}}-
. (cusﬁﬁq-i sin¢ )13“r = rx.{cos{x'¢+c«ylne} +1i sin{x-¢+ c.y-lnr))-
¢

-(cos(c-;* lne) +isin(c-E- 1n e})iY =

rx{ccs(x.(ﬁ +c.y-1lnr) +1i sin(x. ¢r+c-y-ln r) }'(ei ii"‘ﬂ)j‘:1IIr =

n

(Pp) = r*. e'y'¢"c-(eos(x-¢+c-y-1n r)+i sin{x-fﬁq-c-yoln r)),

and it is easy to see that the crucial algebraic pmper‘ties#- are preserved
by the definition:

(r- (cosq,‘) +1i sinc# })(x+iy} =rX.e™" iﬂ"‘rﬂ-(ec-s(:vr:-Fs+~:-1ur-11r1 r)+i sin(x-?ﬂw-y-ln r))

for any choice of c.

So, Peacock’s principle does not compell us to choose (Euler’s) c=1.

If we add the principle of permanence of diferentiability we are com-
pelled to choose c¢=1. Namely the function f(z) =a” is diferentiable only
for c¢=1. We shall prove this:

The function

X+i
a Y -

u+1iv

ax.cos(c-y-ln a) + 1ae sin(ec-y-1lna)

1

is diferentiable only if
Ou

and —=— z=-——
vy

i.e. only if

a*-lna - cos(c-y.1na)

c-a*- 1n a-cos(e-y-1na)
i.e. only if
g = 1l
Conclusion. We are almost compelled to Euler’s equation by Peacock’s

principle. We are definitely compelled to it if we also accept the principle
of permanence of diferentiability. So, Allendoerfer’s condition:

icw

d!dw{elw) = ie ~, or the Curtiss’ condition (cf. p.51): d:"dz(ez) = e°
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are unnecesarily strong concerning the diferentiation. Besides, they do not
take into consideration the most fundamental principle of permanence -
Peacock’s principle - which has to remain our guide in extending all the
operations, as much as it can.

1 Notice, that this is not possible for rational numbers. If we define 2”2
in accordance with Peacock’s principle as 2 we do not remain within
rationals.

2) In what follows we shall write (for brevity) "Pp" instead of "retaining
4F by Peacock’s principle".
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