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A PROOF OF THE CHARACTERIZATION THEOREM
FOR CONSEQUENCE RELATIONS
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We consider the multiple consequence relation as defined in [2]. The definition is there
prompted by the following line of argument: To say that a set of conclusions follows from a
given set of premisses is to say that at least one of the conclusions must be true if the pre-
misses are all true. That means that each possible state of affairs in which all the premisses
are true is one in which some of the conclusions are true. Assuming the formulae of our lan-
guage L to be capable of truth and untruth, each relevant state of affairs is represented by the
partition (7, U) of formulae of L such that the formulae of T are true in this state of affairs,
while the formulae of U are untrue in it. If 2 is the set of all partitions which correspond to
the possible state of affairs, it is plausible to define the consequence relation with regard to 2
as follows.

Definition 1. Let X and Y be sets of formulae of L, ie. XS Land YS L. Y is a conse-
quence of X with regard to P (X+5Y) iff there is no (T, U) € Psuch that X< T'and YE U. It is
also said that the set of partitions P generates the consequence relation .

If we presuppose nothing about the internal structure of the formulae of L and about their
semantical interconnections, we have to be prepared to allow any set of partitions of formulae
of L to play the role of 2. So, we are led to the general definition of the (multiple) conse-
quence relation proposed in [2].

Definition 2. A relation I~ on the partitive set of L is a consequence relation iff there is a
set of partitions 2 such that = .

It is easy to prove that (T, U) € P iff T + , U. Hence, the set P of partitions which generates
a (multiple) consequence relation — is completely determined by +, i.e.

(1) P={(LU): TuU=L&TNnU=0&TH U}.

(This is in sharp contrast with the fact that the set of partitions which generates a single-con-
clusion consequence relation is not uniquely determined with the relation.)

A special case of consequence relation, i.e. the compact case, is considered already in [1].
It is proved there that the well known “structural rules”:

(Overlap) XH Y=XnY=40,
(Dilution) XS X'&YSY'&X'HY = XH Y,
(Cut) XHY=XHY Aor4A XHY

(where “,” has usual meaning of union) characterize compact consequence relations. More-
over, we could say that Scorr discovered an explicit definition of the consequence relation,
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which is implicitly defined with the well-known structural rules, thus proving the complete-
ness of the rules.

The characterisation theorem for (general) consequence relations is proved in [2]. It is
proved there that a relation - is a consequence relation if and only if the following condi-
tions are fulfilled:

(Overlap) XHY=XnY=0,
(Dilution) XeX'&YSY &X' HY = XHY,
(Cutforsets)y XH Y=VZ3IZ3Z(Z,VZ,=Z2&Z,nZ,=08& X, Z,H Y, Z)).

But we could not say that SHoesMITH and SMILEY discovered explicit definition of the con-
sequence relation, which is implicitly defined with the well-known overlap, dilution and cut
for sets, because the cut for sets had not been known before. As a matter of fact, SHOESMITH
and SMILEY consider several rivals to cut for sets (cf. cut,, cut, and cut; on p. 32 of [2]), con-

cluding finaly that cut for sets is the right choice just because “only it is strong enough to sus-
tain (the characterisation) theorem”.

Our purpose is to prove that the conjunction of the simple special cases of overlap, dilution
and cut for sets, namely the conjunction of

(Overlap for L) XuY=L&XHY=>XnY=4,
(Dilution for L) AITIV(TuU=L& TN U=0&XST&YSEU&L&TH U)=XHY,
(Cutforsetsfor L) XH ¥Y=3T3U(TuU=L&TnU=0&X,TH Y, U)

is nothing else but a trivial preformulation of Definition 2. This makes the caracterization
theorem quite a natural result, and cut for sets (for L) quite a natural choice.

We know, starting from Definition 2, that - is a consequence relation iff there is 2 such
that — = ;. Hence, it follows from (1) that
(2) - is a consequence relation iff =k, for Pin (1).
There follows a sequence of trivial preformulations of the right side of (2):
VXVY(X Yo X, 7)
iff VXVY(XH Yo XH,Y)
iff VXVYXH YeI(TUD)ePXST&YSU))
iff VAVY(XH Y3TAU(TulU=L&TNU=0&XST&YSU&THWH U)
iff (Overlap-Cut;) & (Dilution,),
where

(Overlap-Cut;) VXVY(XH Y=3T3U(TuU=L&TnU=4
&XST&YSU&TXH UY)),

(Dilution,) VXVY@TIU(TuU=L&TNU=B&XST&YSU&TH U)
=XHY).

When we consider the sets X and Y such that Xu Y= L, we get Overlap for L as a trivial
consequence of Overlap-Cut,, and also, we immediately realize that, in the presence of Over-
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lap for L, Overlap-Cut; is equivalent to Cut for L (namely, X< T and Y < U follow from
(TuX)n(UuY)=0).

Hence, by trivialy preformulating Definition 2, we proved the characterization theorem for
consequence relations in the following form.

Theorem. A relation — is a consequence relation iff — fulfils (Overlap for L), (Dilution
for L) and (Cut for sets for L).

The characterization theorem of SHOEsMITH and SMILEY is a simple corollary of our the-

orem, because (Overlap for L), (Dilution for L) and (Cut for sets for L) are special cases of
(Overlap), (Dilution) and (Cut for sets).
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